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7.17. Let X be an inner product space and F a nonempty subset of X. Show that

Et = ﬂ {x}+.

zelR

Proof. For any z € E+, we have (z,x) = 0,Vx € E, which implies that z € {z}*. Therefore,

E+ C ﬂ {z}*.

zeFE

On the other hand, for any y € ﬂ{x}L, we have y € {z}+,Vxr € E. Tt follows that (y,z) =
zeFE
0,Vz € E and consequently y € E+. As a result, ﬂ {z}* c B~
zeE

7.18. (a) Prove that for every two subspaces X; and X, of a Hilbert space,
(X1 + Xo)t = X" n X5~

(b) Prove that for every two closed subspaces X; and X5 of a Hilbert space,
(X1 N X))t = XE + X5

Proof. (a) First note that if W C V then V+ Cc W+.
Now X7, X5 C X; + X5 and so we have

(Xi+Xo)" CX{, (Xi+Xo)h C Xy = (X1 +Xo)" C Xi NXy.

Now we need to show the other way of inclusion. Let x € Xi" N X3 and z be an arbitrary vector
in X; + X5. Then we can write z = z1 + x5, 11 € X1,22 € X5 and (x, 2) = (x, 1) + (z,29) = 0.

This follows because x is in both Xi- and X3-. Therefore, x € (X; + X5)* and
X NXy C (X + Xa)t.

And we are done.

(b) Since X; and X are closed, from (a) we have
(X +X3) = (X +X3) =X N =XinX,.

Therefore, _
(X1NXo)t = (Xi + X5) ™ = X+ X5

where the last identity is from the closedness of Xi- + X3~



7.26. Let (ey) be an orthonormal sequence in an inner product space X. Prove that
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for all z,y € X.

Proof. From the Cauchy-Schwarz inequality and Bessel’s inequality, we have
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